If a connected metric space S is locally separable, then S is separable.
Suppose that Hi is uncountable. There exists a positive number € such that for uncountably many different ordinals z < öi, T g belongs to Hi and lAe>d z /5 > e. But since Mi is separable, there exist three distinct points Xi, X 2 , and Xz and three ordinals a</?<7<Qi such that (1) T ai Tp, and T y each belong to H h (2) for each £, £=<*, j3, 7, l.l€>d{/5>€, and (3) for each J, £=a, j8, 7, and each * f i = l, 2, 3, there exists a connected domain D^ which contains Xi and an end point of !T{, and whose diameter is less than d$/5. Now for each £, £=a, |3, 7, let 0$ denote the emanation point of TV From (2), (3), the definition of d t , and the triangle axiom on the distance function, it follows that the connected domains, DI = 2JD$I, D 2 :=S^D^ and Dz = 2JD$3, are mutually exclusive and neither Du D 2 , nor Z} 3 contains either 0«, O/j, or 0 7 . Because of the restricted way in which the triods may intersect, no point outside of Di+D 2 +Dz lies in more than one of the triods T a , Tp, and T y . But TVA may be joined to TVA by an arc in A; TVA may be joined to TVA by an arc in A; T a -D 2 may be joined to TpD 2 by an arc in A; and so on; and in the sum of these arcs together with T a +Tfi+T y there exists a skew curve of type 1. So the assumption that Hi is uncountable leads to a contradiction. Hence Hi is countable.
Let z 2 denote the smallest ordinal such that if z*zz 2l T t of a does not belong to H%. Evidently z 2 < fii. Let H 2 denote the set of all triods T such that for some 2, T is T» of a and each end point of T lies together with a point of M ti in a connected domain of diameter less than d t /$. The collection H 2 is countable. Let 23 denote the smallest ordinal such that if z^zz, T t of a does not belong to H 2 . Evidently z z < %.. Let Hz denote the set of all triods T such that for some 2, T is T n of a and each end point of T lies together with a point of M t% in a connected domain of diameter less than d t /5. The collection Hz is countable. Continue this process, so that for each natural number n, H n is defined and countable. There exists an ordinal number z < fii such that for each n, z>z n . Let z denote the first such ordinal. Clearly, T* of a does not belong to H n for any n. Let D\, D 2 , and D z denote three mutually exclusive connected domains covering respectively the end points of T* such that each has a diameter less than <f*. Theorem 2 may be established by the argument for Theorem 1, taking for To the closure of the set consisting of all points X such that X belongs to a skew curve of type 1 lying in S. The connectedness of M z was not used in the argument.
Comment. This result (Theorem 1) cannot be extended to complete Moore spaces.
5 For a locally connected complete Moore space exists which is not cut by any pair of its points and which contains no skew curve of type 1 but which nevertheless is not separable. 6 Furthermore, a separable such space exists which is not completely (perfectly) separable and hence is not metric. 7 The relation between Moore and metric spaces (in this connection) is shown in Theorem 3. PROOF. Since any metric, complete Moore space is a complete metric space 8 and any separable metric space is completely separable, the necessity of the condition follows at once from Theorem 1. Since a
